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Abstract 

In [T], P.T. Chung, S.-M. Lee, W.Y. Gao, and K. Schaffer 
posed the following problem: Characterize trees of diameter 4 
which are super edge-graceful. In this paper, we provide super 
edge-graceful labelings for all caterpillars and even size lobsters 
of diameter 4 which permit such labelings. We also provide 
super edge-graceful labelings for several families of odd size 
lobsters of diameter 4. 
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1 Introduction 

Let G(V, E) be a finite, simple, undirected graph with vertex set 
V and edge set E such that the order is |V| = p and the size is 
\E\ = q. Edge uv is incident with vertices u and v. Rosa introduced 
the /3- valuation of a graph in [10J, which was later popularized as a 
graceful labeling by Golomb pQ. A graph is graceful if there exists 
an injection / : V — > {0, 1, . . . q} such that the induced edge labeling 
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/* : E — >■ {1, . . . ,q} defined by f*{uv) = \f{u) - f(v)\ is bijective. 
Lo [8] denned a graph as edge-graceful if the edges can be labeled 
from {1, . . . ,q} and the resulting vertex sums are distinct (mod p). 
In [9] , Mitchem and Simoson defined a graph to be super edge-graceful 
if there exists a bijection / : E — > {0, ±1, . . . , when q is odd 

and / : E — > {±1,...,±|} when q is even such that the induced 
vertex labeling / + for a vertex v, given by f + (v) = YluveE f( uv )-> ls 
a bijection / + : V — > {0, ±1, . . . , i 2 ^-} when p is odd and / + : V — > 
{±1, . . . , ±|} when p is even. Numerous papers have been written 
on the various graph labelings; see Gallian's dynamic survey [3] for 
more information. 

In 2006, Chung, Lee, Gao, and Schaffer posed the following prob- 
lem in pQ: Characterize trees of diameter 4 which are super edge- 
graceful. In the following year, Lee and Ho proved all trees of odd 
order with three even vertices are super edge-graceful [6] , which pro- 
vided a partial solution to this problem. In this paper, we provide 
super edge-graceful labelings for all caterpillars and even size lob- 
sters of diameter 4 which permit such labelings. We also provide 
super edge-graceful labelings for several families of odd size lobsters 
of diameter 4. 

Let {aj}™ =1 be a sequence of nonnegative integers, where at least 
two entries in the sequence are positive, that has been arranged so 
that all of the entries that are are at the beginning of the sequence, 
followed by all of the positive even entries (in nondecreasing order), 
followed by all of the positive odd entries (in nondecreasing order). 
That is, let n = j + k + I and for 1 < i < j, we have ai = 0; 
for j + 1 < i < j + k, we have even m > with a r < a s for 
j + l<r<s<j + k; and for j + k + 1 < i < n, we have odd > 
with a r < a s for j + k + l<r<s<n. Thus, j is the cardinality of 
{oj : ctj = 0}, k is the cardinality of {a^ : ai > 0, even}, and I is the 
cardinality of {o« : > 0, odd}, where k + I > 2. 

Define a rooted tree of height 2 (diameter 4) as follows: let vq 
be the root and let the children of vq be vi, . . . , v n such that Vi has 
Oj children, where a% is defined by the above sequence. Then for 
1 < -i < j, vertex V( has no children and for j + 1 < i < n, the 
children of vi are labeled Vi >m , where 1 < m < a^. The edge vqv t 
will be expressed as eo, r and the edge v r v r>s will be expressed as e rjS . 
Such a tree will be denoted RT{a\, 02, ... , a n ), an example of which 
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can be seen in Figure [TJ In RT(ai,a,2, . . . , a n ), the number of edges 




di > 0, even 



a; > 0, odd 



Figure 1: A general rooted tree of height 2, RT(a%, 



,a n ) 



is q = n + X)fc=j+i and the number of vertices is p = q + 1. For 
nonnegative integers m and n, we use the abbreviated form m n to 
indicate that m is written in a list n times; that is, i?T(0 4 ,2 3 ) is 
i?T(0, 0, 0, 0, 2, 2, 2). If n = 0, then m is not written to the list. 



2 Caterpillars of diameter four 

A caterpillar is a tree with the property that the removal of its end- 
points leaves a path [5]. All caterpillars can be represented as rooted 
trees and any caterpillar of diameter 4 will be represented as a rooted 
tree of height 2. For example, the caterpillar C(2,4, 3) is the rooted 
tree i?T(0 4 ,2,3) seen in Figure [2j 



Mr 
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Figure 2: The caterpillar C(2,4,3) is the rooted tree i2T(0 4 ,2,3). 

Rooted trees that are caterpillars of diameter 4, that is, 
i?T(0- ? , Oj+i, Oj+2) for integers j > and Oj+i, Oj_|_2 > 1, have g = 
j + 2 + Oj+i + aj+2 edges and p = q + 1 vertices. In the following 
two subsections, we examine RT^ , a-,+1, aj+2) based on the parity 
of q, the size of the graph. 



3 



2.1 Even size caterpillars of diameter four 

When j is even and a,j+\, a j+i are of the same parity, or when j is 
odd and aj + i,aj + 2 are of opposite parity, q is even and p is odd. 

Lemma 2.1 For all even integers j > and integers aj+ 2 > a j+i > 
1 of the same parity, the rooted tree i?T(0 J , aj + ±, aj +2 ) *s super etige- 
graceful. 

Proof. Let j = 2r for some integer r > 0. 

Case 1. Suppose a 2 r+i = 2s and a2 r +2 = 2t for some integers 
t > s > 1. Then G = RT(0 2r , 2s, 2t) has 2(r + s + t + 1) edges and 
2(r+s+t+l) + l vertices. An edge-labeling bijection / maps E(G) to 
{±1,. . . ,±(r + s + t + l)} as follows: for 1 < i < r + 1, /(e ,2i-i) = i 
and /(e ,2i) = — «; for 1 < i < s, /(e 2r +i,2i-i) = r + 1 + i and 
/(e 2 r+i,2i) = -(r+l+i); and for l<i<t, /(e 2r +2,2i-i) = r+s+l+i 
and /(e 2r + 2 ,2i) = — (r+s + l + i). This edge labeling induces a vertex 
labeling /+ from V(G) to {0, ±1, . . . , ±(r + s + t + 1)} as follows: 
f+{v ) = 0; for 1 < % < 2r + 2, = /(eo,i); for 1 < i < 2s, 

/ + («2r+i,i) = /(e2r+i,i); and for 1 < i < 2t, f + {v 2r +2,i) = f{e 2r +2,i)- 

Case 2. Suppose a 2 r+i = 2s — 1 and a 2r + 2 = 2t — 1 for some 
integers t > s > 1. Then G = RT(0 2r , 2s - 1, 2t - 1) has 2(r + s + 1) 
edges and 2(r + s + t) + 1 vertices. An edge-labeling bijection / 
maps E(G) to {±1, . . . , ±(r + s + t)} as follows: /(eo,2r+i) = 1, 
/(eo,2r+2) = -1, /(e2r+i,i) = -2, and /(e 2r +2,i) = 2; for 1 < i < 
r, /(eo,2i-i) = 2 + i and f(e ,2i) = ~(2 + i); for 1 < i < s - 1, 
/(e 2 r+i,2i) = r + 2 + i and /(e 2r +i,2i+i) = -(r + 2 + i); and for 
1 < i < t - 1, /(e 2r + 2 ,2i) = r + s + 1 + i and /(e 2r + 2 ,2j+i) = 
— (r + s + 1 + i). This edge labeling induces a vertex labeling /+ 
from V(G) to {0, ±1, . . . , ±(r + s + t + 1)} as follows: f+{v ) = 0; 
for 1 < i < 2r, = /(eo,i); / + (^2r+i) = -1 and / + (^r+ 2 ) = 1; 

for 1 < i < 2s - 1, f + (v 2r +i,i) = f(e 2r +i,i); and for 1 < i < 2t - 1, 

/ + (^2r+2,j) = /(e 2 r+2,j)- □ 

Lemma 2.2 For a// odd integers j, aj+2 > 1 even integers 
a j+i > 2, i/ie rooted tree i?T(0- ? , a^+i, aj+2) zs super edge-graceful. 

Proof. Let j = 2r — 1, a 2r = 2s, and a 2r +i = 2t — 1 for some integer 
r,s,t> 1. Then G = i2r(0 2r_1 , 2s, 2t - 1) has 2(r + s + t) edges and 
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2(r + s + t) + 1 vertices. An edge-labeling bijection / maps E(G) 
to {±1, . . . , ±(r + s + t)} as follows: /(e ,2r+l) = 1 and /(e 2r +i,i) = 
-1; for 1 < i < r, /(e ,2i-i) = 1 + i and /(e , 2 i) = -(1 + i); for 
1 < i < s, /(e 2r ,2i-l) = r + 1 + z and /(e 2r ,2i) = -(?" + 1+0; and 
for 1 < j < t - 1, /(e 2r+ i,2i) = r + s + 1 + i and /(e 2 . r +i,2i+i) = 
— (r + s + 1 + i). This edge labeling induces a vertex labeling / + 
from V(G) to {0, ±1, . . . , ±(r + s + t)} as follows: .f+M = 1; for 
1 < i < 2r, f + {vi) = /(eo,i); / + (^2r+i) = 0; for 1 < i < 2s, 
f + (v2r,i) = f(e 2r ,i)] and for 1 < % < 2t - 1, / + (f 2 r+i,i) = f{e 2r +i,i)- 

□ 

Lemma |2. II and Lemma 12.21 imply the following theorem: 

Theorem 2.3 All caterpillars of diameter 4 with even size are super 
edge- graceful. 

Example 2.4 Figure [3] shows super edge-graceful labelings of two 
even size caterpillars of diameter 4, i?T(0 4 ,2, 6) and iiT(0 3 , 2, 5). 
Edges incident with pendant vertices have the same label as those 
vertices. 
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4 -4 5 -5 6 -6 7 -7 4 -4 -1 5 -5 6 -6 



Figure 3: i?T(0 4 ,2,6) and i?T(0 3 ,2,5) are super edge-graceful. 



2.2 Odd size caterpillars of diameter four 

When j is even and 0^4.1,0^+2 are of opposite parity, or when j 
is odd and 0^41,0^-42 are of the same parity, q is odd and p is 
even. If G = i?T(0 J , 0^-41, 0^-42) is to be super edge-graceful, then 
one of the edges in E(G) must be labeled by 0. Since the edges in 
E(G) — {eoj4i , eo,j4 2 } are incident to pendant vertices, none of these 
edges can be labeled by 0, which means that either /(eoj4i) = or 
/(eo,j42) = 0. 
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Lemma 2.5 For all even integers j > 0, even integers dj+i > 2, 
and odd integers aj +2 > 1, the rooted tree RT(0 J , Oj+i, aj + 2) is super 
edge- graceful. 

Proof. Let j = 2r, a 2r+ \ = 2s, and a,2 r +i = 2t — 1 for some integers 
r > 0, s, t > 1. Then G = i?T(0 2r , 2s, 2t - 1) has 2(r + s + t) + 1 
edges and 2(r + s + t + 1) vertices. An edge-labeling bijection / 
maps E(G) to {0, ±1, . . . , ±(r + s + t)} as follows: /(eo,2r+i) = 0, 
/(eo,2r+2) = 1, /(e2r+i,i) = -I, ffar+i?) = -(r + s + t), and 
/(e2r+2,i) = r + s + 1; for 1 < i < r, /(e ,2i-i) = 1 + i and /(e ,2i) = 
-(1+i); for 2 < i < s, /(e 2r +i,2i-i) = r+i and /(e 2r +i,2i) = ~(H-i); 
and for 1 < i < t - 1, / (e 2r+2 ,2i) = r + s + i and /(e 2r+2 ,2i+i) = 
— (r + s + i). This edge labeling induces a vertex labeling f + from 
V(G) to {±1, ... ,±(r + s + t + 1)} as follows: /+(u ) = 1; for 
1 < i < 2r, = /(eo,i); f + (v 2r +i) = -(r + a + * + 1) and 

/ + («2r+2) = r + s + i + 1; for 1 < i < 2s, f + {v 2r +i,i) = f(e 2r +i,i); 
and for 1 < % < 2t - 1, / + (w 2 r+2,i) = f{e 2r +2,i)- □ 

Lemma 2.6 For aW odd integers j > 1 and ewen integers Oj+2 > 
a j+i > 2, i/ie rooted tree RT((P, Oj+i, Oj+2) 2s super edge-graceful. 

Proof. Let Z = 2r — 1, <i2r = 2s, and 02 r +i = 2i for some integers 
r, s, t > 1. Then G = i?T(0 2r_1 , 2s, 2t) has 2(r + s + 1) + 1 edges and 
2(r + s + i + 1) vertices. An edge-labeling bijection / maps E(G) 
to {0, ±1, . . . , ±(r + s + t)} as follows: /(e ,i) = 1, /(eo,2r) = 0, 
/(eo,2r+i) = r + s + t, /(e 2r ,i) = -1, and f(e 2r ,2) = ~{r + s + i); 
for 1 < z < r - 1, /(e ,2i) = 1 + i and /(e ,2i+i) = -(1 + »); for 
1 < i < s - 1, /(e ,2i+i) = r + i and /(e ,2i+2) = ~(r + i)\ and for 
I < i < t, /(e ,2i-i) = r + s - 1 + i and /(e ,2i) = ~(r + s - 1 + 
z). This edge labeling induces a vertex labeling / + from V(G) to 
{±1, . . . , ±(r + s + t + 1)} as follows: / + (w ) = r + s + t + 1; for 
1 < j < 2r - 1, = /(eo,i); / + («2r) = -(r + s + t + 1) and 

/ + («2r+i) = r + s + t; for 1 < i < 2s, f + (v 2r>i ) = f(e 2r ,i); and for 
1 < i < 2t, f + (v 2r+lii ) = f(e 2r+lii ). □ 

The following lemma provides our first (and only) examples of 
caterpillars of diameter 4 that are not super edge-graceful. 

Lemma 2.7 If j,cij +2 > 1 are odd integers with j = 1 or dj +2 = 1, 
then the rooted tree RT(W , 1,07+2) is not super edge-graceful. 
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Proof. Assume, to the contrary, that the rooted tree G = 
i?T(0 J , 1, aj+2) for odd integers j = 2r + 1 and aj +2 = 2i + 1, with 
r, t > 0, is super edge-graceful. Then there exists a bijection / from 
E(G) to {0, ±1, . . . , ±(r + t + 2)} where either /(eo,2r+ 2 ) = or 
/(eo,2r+3) = such that the induced vertex labeling / + from V(G) 
to {±1, ±2, . . . , ±(r + t + 3)} is a bijection. Such a vertex labeling 
must label one vertex by r + t + 3 and another by — (r + i + 3). 
For any edge e, — (r + t + 2) < /(e) < r + i + 2, implying that 
f + (u) = r + i + 3 and f + {v) = —f + {u) for some distinct vertices 

U,V £ {v , V 2r +2,V2r+3}- 

Case 1. Assume r > and t = 0. If /(eo,2r+2) = 0, then 
/ + («2r+2) = /(e2r+2,i) = / + («2r+2,i)- Similarly if /(e ,2r+3) = 0, 
then f + (v 2r+3 ) = f(e 2r+ 3,i) = f + (v 2r+ 3,i)- Thus, RT(0 2r+1 , 1, 1) for 
integers r > is not super edge-graceful. 

Case 2. Assume r = and t > 1. If /(eo,2) = 0, then 
f + i v 2) = /( e 2,i) = / + (^2,i), which is impossible. Thus, we must 
have /(eo,3) = and / must label the remaining 2t + 4 edges from 
{±1, ±2, . . . , ±(t + 2)}. Likewise, the induced vertex labeling /+ 
must be defined so that f + (u) = i + 3 and f + (v) = —f + (u) for some 
distinct vertices u,v G {^0)^2,^3}- 

• Subcase 1. Let / + (^o) be either t + 3 or — (i + 3), and f + {v 2 ) = 
—f + (vo). Without loss of generality, assume / + (wo) = /( e o,i) + 
f( e o,2) = t + 3. If f(eo j2 ) < 0, then /(eo,i) > t + 3, a contra- 
diction. Then f{e , 2 ) > 0. Since f + {v 2 ) = f(e , 2 ) + /(e 2 ,i) = 
— (t + 3), we find that f{e 2: i) < — (t + 3), another contradiction. 

• Subcase 2. Let f + (vo) be either t + 3 or —(t + 3), and / + (t>3) = 
— / + (wo). Without loss of generality, assume f + (vo) = /(eo,i) + 
/( e o,2) = t + 3. Any super edge-graceful labeling of G = 
RT(0, 1, 2t+l) has f(E(G))—{0} C f+(V(G)), so for some ver- 
tex v in G, f + (v) = f(eo j2 ). However, the only remaining unla- 
beled vertices are pendant or the vertex v 2 . No pendant vertex 
could be labeled f{e$ )2 ) because the incident edge is certainly 
not labeled /(eo,2), which means f + (v 2 ) = f(eo j2 ) + f(e 2j i) = 
/( e o,2)- This implies f{e 2) i) = 0, a contradiction. 

• Subcase 3. Let f + (v 2 ) be either t + 3 or —(t + 3), and f + (v 3 ) = 
—f + {v 2 ). Without loss of generality, assume f + (v 2 ) = f(eo t2 ) + 
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/ ( e 2,i) = t+3. Similar to the previous subcase, for some vertex 
v, f + (v) = f(eo,2), and the only possible choice for this vertex 
is v . This means that f + (v ) = /(e ,i) + /(eo,2) = /(eo,2), 
implying /(eo,i) = 0, which is a contradiction. 

Thus, RT(0, l,2t + 1) for integers t > 1 is not super edge-graceful. 

□ 

Lemma 2.8 For aZZ ode? integers j, aj +2 > 3, i/ie rooted tree 
RT(0 3 , 1, aj + 2) *s super edge-graceful. 

Proof. Let j = 2r + 1 and a2 r +3 = 2t + 1 for integers r,t > 
1. Then G = i?T(0 2r+1 , 1, 2i + 1) has 2(r + t + 2) + 1 edges and 
2(r + t + 3) vertices. An edge-labeling bijection / maps E{G) to 
{0,±l,...,±(r + t + 2)} as follows: /(e ,i) = -1, /(e , 2 ) = -2, 
/(eo,3) = 3, /(e ,2r+2) = 1, /(eo,2r+3) = 0, /(e 2r +2,i) = r + t + 2, 
/(e2r+3,i) = 2, /(e 2 r+3, 2 ) = -3, and /(e 2r+3i3 ) = -(r + t + 2); 
for 2 < i < r, /(e ,2i) = i + 2 and /(e ,2i+i) = -(« + 2); and 
for integers 2 < i < t, f(e 2r +3,2i) = r + and /(e 2r +3,2i+i) = 

— (r + 1 + i). This edge labeling induces a vertex labeling / + from 
V(G) to {±1, . . . , ±(r + t + 3)} as follows: / + («o) = 1; for inte- 
gers 1 < i < 2r + 1, = /(eo,i); / + (v 2 r+ 2 ) = r + t + 3 and 
f + (v 2r+3 ) = ~(r + * + 3); / + (w 2 r+2,i) = r + i + 2; and for integers 

1 < % < 2t + 1, /+(v2r+3,i) = /(e2r+3,i)- □ 

Lemma 2.9 For all odd integers j > 1 and aj+2 > %+i > 3, i/ie 
rooted tree RT((y> ,aj + ±,aj +2 ) is super edge- graceful. 

Proof. Let j = 2r + 1, a2r+2 = 2s + 1, and a2 r +3 = 2t + 1 for 
integers r > 0, i > s > 1. Then G = i?T(0 2r+1 ,2s + l,2i + 1) has 
2(r + s + i + 2) + l edges and 2(r + s + t + 3) vertices. An edge-labeling 
bijection / maps -E(G) to {0, ±1, . . . , ±(r + s + £ + 2)} as follows: 
/(eo,i) = r + s+t+2, /(e ,2r+2) = 1, /(eo,2r+3) = 0, /(e 2r +2,i) = -1, 

/(e2r+2,2) = -2, /(e 2 r+2,3) = 3, /(e 2r+ 3,l) = 2 > /(e2r+3,2) = ~3, 

and /(e 2r +3,3) = ~(r + s + t + 2); for 1 < % < r, /(e ,2i) = 3 + i 
and /(e ,2i+i) = -(3 + i); for 2 < i < s, f(e 2r +2,2i) = r + 2 + i and 
/(e2r+2,2i+i) = -(r+2-M); and for 2 <i<t, /(e 2r+3 ,2j) = r+s+l+i 
and /(e2r+3,2i+i) = — (r + s + l + i). This edge labeling induces a 
vertex labeling / + from V(G) to {±1, . . . , ±(r + s + i + 3)} as follows: 
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f + (v ) = r + j + k + 3; for integers 1 < i < 2r + 2, f + (vi) = f(e ,i); 
f + {v 2r +3) = -(r + s+t+3); for integers 1 < i < 2s+l, f + (v 2r+2 ^) = 
/(e2r+2,i); and for integers 1 < i < 2t + 1, f + (v 2r +3,i) = /(e2r+3,i)- 

□ 

Lemmas 12.51 12.61 12.71 12.81 an d 12.91 imply the following theorem: 

Theorem 2.10 All caterpillars of diameter 4 with odd size are super 
edge-graceful, except RT^O 3 , 1, aj +2 ) where j,aj +2 are positive odd 
integers with j = 1 or a>j+ 2 = 1. 

Example 2.11 Figure^ shows super edge-graceful labelings of two 
odd size caterpillars of diameter 4, i?T(0 3 ,2,4) and RT(0 3 , 3, 5). 






-1 -5 3-3 4 



-1 -2 3 2 -3 -6 5 -5 



Figure 4: RT(0 3 ,2,4) and i?T(0 3 ,3,5) are super edge-graceful. 



3 Lobsters of diameter four 

A lobster is a tree with the property that the removal of its endpoints 
leaves a caterpillar [3]. In this section, we examine rooted trees 
RT(ai, . . . , a n ) that are lobsters of diameter 4 and determine whether 
certain families of such trees are super edge-graceful. Recall that for 
integers 1 < i < n = j + k + 1, we have that j is the cardinality of 
{oj : a. L = 0}, k is the cardinality of {aj : ai > 0, even}, and / is 
the cardinality of {aj : aj > 0, odd}. To ensure that a rooted tree 
is a lobster of diameter 4, we assume in this section that k + I > 3. 
Figure [5] shows the rooted trees RT(2, 1, 3) and ^(O 2 , 2, 3 2 , 5), both 
of which are lobsters of diameter 4. 

Rooted trees that are lobsters of diameter 4 will have q = n + 
Y17=j+i ai e dges and p = q + 1 vertices. We know that for j + 1 < 
i < j + k, ai = 2bi > is even, where 6j > 1 is an integer, implying 
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Figure 5: The lobsters i£T(2,l,3) and RT(0 2 , 2, 3 2 , 5). 



Ylitj+i a i = 2 Y.i=j+ih- Similarly, for j + k + 1 < i < n, we 
have a,i = 2bi + 1 > is odd, where bi > is an integer, so that 
J2i=j+k+i a i = 2 Yn=j+k+i b i + ^ Thus, the number of edges in a 
rooted tree that is a lobster is q = j + k + 21 + 2 ^iLj+i ^ where 
bi is an integer with bi > 1 for j + l<i<j + A; and 6, > for 
j + fc + 1 < i < n. As in the previous section concerning caterpillars, 
we examine the rooted trees that are lobsters based on the parity of 
q, the size of the lobster. 

3.1 Even size lobsters of diameter four 

When n = j + k + I and I are of the same parity, that is, when j, k 
are of the same parity, q is even and p is odd. 

Lemma 3.1 Ifn = j + k + l where j,k,l > 1 are odd integers with 
k + I > 3, then the rooted tree RT(a\, . . . , a n ) is super edge-graceful. 

Proof. Let j = 2r — 1, k = 2s + 1, and I = 2t + 1 for integers 
r > 1 and s,i > with s + t > 1 and let G be the rooted tree 
defined in the statement of the lemma. Then G has 2(r + s + 2t + 
1 + X^r=2r edges. An edge-labeling bijection / maps E(G) to 
{±1, . . . , ±(r + s + 2t + 1 + £™ =2r Ml as follows: /(eo,2(r+ a )+i) = 1; 

for 1 < i < t, /(e ,2(r+s+i)) = ~( 2i - !) and /( e 0,2(r+s+j)+l) = 

2i + 1; /(e 2 ( r+a+t )+i ) i) = -(2t + 1); for 1 < i < t, /(e 2 ( r+a+ i)_i > i) = 
— 2(i + 1 — «) and /(e2( r + s +j) j i) = 2(i + 1 — z); for 1 < i < r + s, 
/(eo,2i-i) = 2t+l+z and /(e ,2i) = -(2t+l+i); for 2r < i < 2(r+s) 
and 1 < m < bi, /(e^m-i) = r + s + 2t + l + m-|- X)z=2r ^ an d 
/(ej,2m) = -/(ej,2m-i); for 2(r + s) + 1 < i < n and 1 < m < 6j, 

/(ei,2m) = r + s + 2t+l + m + X^=2r & z and /(ei,2m+i) = -/(ej,2m)- 

□ 



10 



Lemma 3.2 If n = j + k + l where j, k > are even integers and I > 
1 is an odd integer with k + l > 3, then the rooted tree RT(ai, . . . , a n ) 
is super edge-graceful. 

Proof. Let j = 2r, k = 2s, and I = 2t + 1 for integers r,s,t > 
with s + t > 1 and let G be the rooted tree defined in the state- 
ment of the lemma. Then G has 2(r + s + 2t + 1 + Sit=2r+i^) 
edges. An edge-labeling bijection / maps E{G) to {±1, . . . , +{r + 
s + 2t + 1 + E"=2r+i^)} as follows: /(e ,2(r+s)+i) = 1; f OT 1 < 
* < t, f(e 0t2 (r+s+i)) = ~(2i - 1) and /(e , 2 (r+s+i)+i) = 2« + 1; 
/(e 2 (r-+ s+ t) + i,i) = -(2t + 1); for 1 < i < t, f(e 2 ( r + s +i)-i,i) = 
-2{t + l-i) and /(e 2(r+s+i)i i) = 2(t + 1 - i); for 1 < i < r + s, 
f(e ,2i-i) = 2t + 1 + i and /(e ,2i) = -(2t + 1 + i); for 2r + 1 < i < 
2(r + s) and 1 < m < 6j, /(e^m-i) = r + s + 2i + l + m + Z^= 2 r+i ^ 
and /(ej j2m ) = -/(e^m-i); for 2(r + s) + l <i<n and 1 < m < 6j, 
/(ej,2m) = r+s+2t+l+m+X^~ 1 2r+1 6 Z and /(e ij2m +i) = -f{e i>2 m)- 

□ 

Lemma 3.3 If n = j + k + l where j, k,l > are even integers with 
k + I > 3, f/ien £/te rooted tree RT(a±, . . . , a n ) is super edge- graceful. 

Proof. Let j = 2r, k = 2s, and / = 2i for integers r, s, t > with 
s + 1 > 2 and let G be the rooted tree defined in the statement of the 
lemma. Then G has 2(r+s+2i-|-^" =2r+1 6«) edges. An edge-labeling 
bijection / maps E(G) to {±1, . . . , ±(r + s + 2t + E"=2r+i &»)} as 
follows: for 1 < i < t, /(e , 2 (r+s+i)-i) = 22 — 1, /(e ,2(r+ s +i)) = 

~(2« - 1), /(e 2 (r+s+i)-l,l) = ~2(* + 1 - 0) and /( e 2(r+s+i),l) = 

2(t+l-i); for 1 < i < r+s, f(e , 2 i-i) = 2t+i and /(e , 2 i) = -(2t+«); 
for 2r+l < % < 2(r + s) and 1 < m < b i: /(e^m-i) = r + s + 2t + m + 
X)l=2r+i &z and /(ei,2m) = -/(ej, 2m -i); for 2(r + s) + 1 < t < ii and 
1 < m < b h f{e it2m ) = r + s + 2£ + m + El= 2 r+i b * and /( e *,2m+i) = 

-/(ej,2m)- □ 

Lemma 3.4 J/n = j+k+l where j, k > 1 are odd integers and I > 
is an even integer with k + l > 3, then the rooted tree RT(a\, . . . , a n ) 
is super edge-graceful. 

Proof. Let j = 2r — 1, k = 2s + 1, I = 2t for integers r > 1 
and s, i > with s + i > 1 and let G be the rooted tree defined in 
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the statement of the lemma. Then G has 2(r + s + 2t + Ya=2t ^) 
edges. An edge-labeling bijection / maps E{G) to {±1, . . . , ±(r + 
s + 2t + Xir=2r^)} as follows: for 1 < i < t, /(e 0i2 (r+ s +i)-i) = 2i-l, 
/(eo,2(r+s+i)) = ~( 2i ~ !)> /( e 2(r+s+i)-l,l) = ~2(t + 1 - i), and 
/(e2(r+s+i),i) = 2(i + 1 - i); for 1 < i < r + s, /(e ,2i-i) = 2i + i 
and /(eo,2i) = — (2t + i); for 2r < i < 2(r + s) and 1 < m < b{, 
/(ej,2m-l) = r + s + 2£ + m + ^l=2r ^ and /(e^m) = -/(e^m-l); 
for 2(r + s) + l<i<n and 1 < m < bi, /(ej 2m) = r + s + 2i + J7i + 

Ez=2r^ and /( e «,2m+l) = -f{<%,2m)- D 

Lemmas 13.11 13. 2| 13. 3( and 13.41 imply the following theorem: 

Theorem 3.5 All lobsters of diameter 4 with even size are super 
edge- graceful. 

Example 3.6 Figure El shows an even size lobster of diameter 4, 
RT(0, 2, 3 2 , 5), with a super edge-graceful labeling. 
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Figure 6: #T(0,2,3 2 ,5) is super edge-graceful. 



3.2 Odd size lobsters of diameter four 

When n = j + k + I and I are of opposite parity, that is, when j, k 
are of opposite parity, q is odd and p is even. If the odd size lob- 
ster G = RT(a\, . . . , a n ) of diameter 4 is to be super edge-graceful, 
then one of the edges in E(G) must be labeled by 0. Edges in 
E{G) — {eo,j+i, • • • ,eo, n } are incident to pendant vertices, so none 
of these edges can be labeled by 0, implying /(eo, m ) = for some 
m £ {j + 1,... ,n}. 
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Lemma 3.7 If n = j+k+l where j > is an even integer and k,l > 

1 are odd integers with k + l > 3, then the rooted tree RT(ai, . . . , a n ) 
is super edge-graceful. 

Proof. Let j = 2r, k = 2s — 1, I = 2t + 1 for integers r, t > 
and s > 1 with s + i > 2 and let G be the rooted tree defined in the 
statement of the lemma. Then G has q = 2{r + s+2t+Y^i =2r+ \ 6j) + l 
edges. 

Case 1. If I = 1 (t = 0), then /c > 3 (s > 2) and an edge-labeling 
bijection / maps E{G) to {0, ±1, . . . , ±(r+s+Y^i =2r +i h)} as follows: 
/(eo,2r+i) = 0, /(e 0)2 (r+ s )) = 1, f{e 2r +i,i) = -1, /(e 2 ( r+s ),i) = 

»" + S + E"=2r+1 and /( e 2r+l,2) = -/(e 2 (r+s),l) ! for 1 < i < 

r, /(e ,2i-i) = 1 + « and /(e , 2 j) = -(1 -H); for 1 < z < s - 
!, /( e o,2(r+i)) = r + 1 + i and /(e ,2( r +i)+i) = ~( r + 1 + «); for 

2 < m < b 2r +i, /(e 2 r+i,2m-i) =r+s-l+m and /(e 2r +i,2m) = 
— /(e 2r +i,2m-i); for 2r + 2 < i < 2(r + s) — 1 and 1 < m < 6«, 

/(ei,2m-l) = r + S-! + m + El=2r+l^ aIld /( e *,2m) = -/(ej,2m-l); 

for 2(r + s) < z < n and 1 < m < ftj, f(ei ;2m ) = r + s — l + m + 

Z)l=2r+1^ aIld /( e «,2m+l) = -f((H,2m)- 

Case 2. If / > 3 (t > 1), then fc > 1 (s > 1) and an edge-labeling 
bijection / maps to {0, ±1, . . . , ±(r + s + 2i + Y!i=2r+i b i)} as 

follows: /(e ,2r+i) = 0; for 1 < i < t, /(e , 2 (r+ s +i-i)) = 2i - 1 and 
/(eo,2(r+s+i)-i) = ~( 2i ~ !); /(eo,2(r+s+t)) = 2i + 1, /(e 2r +i,i) = 
-(2t + 1), /(e 2 (r+s+t),i) = ~ 2 > /( e 2r+i,2) = 2, /(e 2 ( r+s ) j i) = r + s + 

2t + Y!i=2r+l h ii /( e 2(r+s)+l,l) = -/( e 2(r+s),l) 5 for 1 < Z < t - 1, 

/(e 2 (r+ s +i),i) = -2(t - i + 1) and /(e 2 ( r+a+ i)+i i i) = 2(t - i + 1); 
for 1 < i < r, /(eo,2i-i) = 2/ + 1 + i and /(e , 2 j) = -(2/ + 1 + i); 
for 1 < i < s - 1, /(e 0)2 (r+i)) = r + 2t + 1 + i and /(e 0j2 ( r +i)+i) = 
-/(eo,2(r+j)); for 2 < m < b 2r +i, f(e 2r +i,2m-i) = r + s + 2t-l + m 
and /(e 2r +i,2m) = -/(e 2 r+i,2m-i); for 2r + 2 < i < 2(r + s) - 1 
and 1 < m < h, /(e ij2m -i) = r + s + 2t-l + m + X)l=2r+i ^ 
and f(e it 2m) = -f(e it2m -i); for 2(r + s) < i < n and 1 < m < 6j, 

/(ej,2m) = r+s+2t-l+m+^=2r+i^ and /(ej i2 m+i) = -/(e^m)- 

□ 

Lemma 3.8 If n = j + k + l where j,l > are even integers and 
k > 3 is an odd integer, then the rooted tree RT(a\, . . . , a n ) is super 
edge-grace/uZ. 
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Proof. Let j = 2r, k = 2s + 1, I = 2t for integers r, t > and s > 1, 
and let G be the rooted tree defined in the statement of the lemma. 
Then G has q = 2(r + s + 24 + EIUr+1 6 *) + 1 ed S es - 

Case L If Z = (£ = 0) , then an edge-labeling bijection / maps 
to {0, ±1, . . . , ±(r + s + Er=2r+i as foUows: /(eo,2r+i) = 0, 

/(eo,2r+2) = 1, /(e ,2r+3) = T + S + E"=2r+1 & i> /( e 2r+l,l) = ~1, 

and /(e 2r +i,2) = -/(eo,2r+3); for 1 < i < r, /(e ,2i-i) = 1 + i 
and f(e ,2i) = -(1 + i); for 2 < i < s, /(e 0j2 (r+i)) = r + « and 
/( e 0,2(r+i)+l) = + for 2 < m < 6 2 r+l, /(e2r+l,2m-l) = r + s- 
1 + m and /(e 2r+ i i2m ) = — (r + s — 1 + m); for 2r + 2 < i < 2(r + s) + l 
and 1 < m < 6,, /(e ij2m _i) = r+s-l+m+ Ez= 2r +i &z and 
/(ei,2m) = — /(ei, 2m -i). 

Case 2. If Z > 2 (Z > 1), then / maps £(G) to {0, ±1, . . . , ±(r + 

S + 2Z + E"=2r+1 as follows: /(e ,2r+l) = 0, /(e ,2r +2 ) = 2, 

/(eo,2r+ 3 ) = -(2Z + 1), /(e2r+l,l) = "2, /(e2r+l,2) = 2t + 1, 
/(e 2 (r+ S +l),l) = r + S + 2t + E™=2r+l 6 i> and /( e 2(r+s+l)+l,l) = 

-/(e2(r+«+i),i); for 1 < i < r, /(e ,2i-i) = 2Z + 1 + i and /(e ,2i) = 
-(2i+l+i); for 2 < i < s, /(e 0j2 (r+i)) = 2Z+r+i and /(e 0j2 (r+i)+i) = 
-(2i + l + «); for 1 < i < Z, /(e ,2(r+ s +i)) = 2i — 1, /(e , 2 (r+s+i)+i) = 
-(2i - 1); for 2 < i < t, /(e 2(r+a+i))1 ) = -2(Z + 2 - i), 
/(e 2 (r+ s +i)+i,i) = 2(Z + 2 - i); for 2 < m < & 2r +i, /(e 2r+ i j2m _i) = 
24 + r + s-l + m and /(e 2r+ i j2m ) = -/(e 2r+ i j2m _i); for 2r + 2 < i < 
2(r+s)+l and 1 < m < 6;, /(e i;2m _i) = 2t+r+s-l+m+^ 1 2r+1 6 2 
and /(e i)2m ) = -/(ei,2m-i); for 2(r + s + l) <i<n and 1 < m < 6j, 

f(ei,2rn) = 2t + r + S-l+m + E2=2r+l &2 and /( e i,2m+l) = -/(ej,2m)- 

□ 

Lemma 3.9 For a// odd integers j > 1 and integers I > 3, the rooted 
tree RT{$> is not super edge- graceful. 

Proof. Assume, to the contrary, that the rooted tree RT((P , l') for 
odd integers j > 1 and any integer I > 3 is super edge-graceful. 
Such a rooted tree has odd size so some edge must be labeled by 0; 
however, no edge incident with a pendant vertex may be labeled by 
0. Then /(eo, m ) = for some integer m € {j + 1, . . . , j + I}. This 
implies f + {v m ) = /(e m> i) = f + (v mj i), contradicting the definition 
of a super edge-graceful labeling. □ 
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Lemma 3.10 If n = j + k + I where j > 1 is an odd integer, 
k > 2 is an even integer, and 1 = 1 or I = 2, then the rooted tree 
RT(a\, . . . , a n ) is super edge- graceful. 

Proof. Let j = 2r + 1 for integers r > and k = 2s for integers 
s > 1. 

Case 1. Suppose I = 1 and let G be the rooted tree denned 
in the statement of the lemma. Then G has q = 2(r + s + l + 
X]™=2r+2^) + 1 edges and an edge-labeling bijection / maps E(G) 
to {0, ±1, . . . , ±(r + s + 1 + Er=2r+2 Ml as follows: /(e ,2r+2) = 0, 

f(eo,n) = 1, /(e 2 r+2,l) = "I, /( e n,l) = r + S + 1 + SiUr+2 

and /(e 2r+ 2,2) = -/(e n ,i); for 1 < i < r, /(e 0)2 i-i) = 1 + i and 
/(eo,2i) = -(1 + «); /( e o,2r+i) = r + 2 and /(e ,2r+3) = -(r + 2); for 
2 < i < s, /(e 0)2 (r+i)) = r + 1 + i and /(e 0)2 (r+i)+i) = -(r + 1 + i); 
for 2 < m < b 2r +2, /(e 2 r-+2,2m-l) = r + s + m and /(e 2r +2,2m) = 
— (r + s+m); for 2r+3 < z < 2(r + s) + l and 1 < m < hi, /(ej )2m _i) = 
r + s + m + Y!r=2r+2 b z and /(e;, 2m ) = -/(e^m-l); for 1 < m < 6 n , 
f(e n ,2m) = r + s + m + ^l^tf &z and /(e nj2m +i) = -/(e„ )2m ). 

Case Suppose Z = 2 and let C be the rooted tree defined 
in the statement of the lemma. Then G has q = 2(r + s + 2 + 
E™ =2r+2 &i) + 1 edges and an edge-labeling bijection / maps E(G) 
to {0, ±1, . . . , ±(r + s + 2 + E"= 2 r+2 &*)} as follows: /(e ,2r+2) = 0, 

/(eo,l) = 1) /( e 2r+2,l) = ~1) /( e 0,2(r+s+l)) = 2 ' /( e 0,2(r+s+l)+l) = 

-2, /(e 2r+3j i) = 3, /(e 2r+3i2 ) = -3, /(e 2 ( r+a+ i),i) = -4, and 
/(e 2 (r+ s +i)+i,i) = 4, /(e , 2 r+3) = r + s + 2 + Yli=2r+2 b ii and 
/(e2r+2,2) = -/(e ,2r+3); for 1 < i < r, /(e ,2i) = 4 + « and 
/(eo,2i+i) = ~(4 -M); for 2 < i < s, /(e ,2i-i) = r + 3 + i, f(e ,2i) = 
— (r + 3 + i); for 2 < m < 6 2r+2 , /(e 2r+2j2m _i) =r+s+2+m and 

/(e 2r +2,2m) = -/(e2r+2,2m-l) J for 2 < 771 < 6 2r+3 , /(e 2r+3j2m _l) = 

r + s + 6 2r+2 + l + m and /(e 2r+3j2m ) = -/(e 2r+3j2m _i); for 2r + 4 < 
i < 2(r+s) + l and 1 < m < 6 is /(e ij2m _i) = r+s+l+m+^T^" 1 ^^ 6 Z 
and /(e i)2m ) = -/(e ij2m -i); for t € {2r + 2s + 2, 2r + 2s + 3} 
and I < m < bi, /(e i)2m ) = r + s + l + m + l 2r+2 b z and 
/(ei,2m+l) = -/(ej,2m)- □ 

Example 3.11 Figure [?] shows an odd size lobster of diameter 4, 
RT(2,3 2 ,5), u>iZ7i a super edge-graceful labeling. 
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Figure 7: #T(2,3 2 ,5) is super edge-graceful. 



3.2.1 Conjectures concerning odd size lobsters of diameter 
four 

We are unable to find general methods that describe super edge- 
graceful labelings for a few families of odd size lobsters of diameter 
4, although we are able to show that certain lobsters in these families 
are super-edge graceful. 

Conjecture 3.12 If n = j + k + / where j > is and even in- 
teger, k = 1, and I > 2 is an even integer, then the rooted tree 
RT(a\, . . . , a n ) is super edge- graceful. 

Conjecture 3.13 Ifn = j + k + l where j > 1 is an odd integer, 
k > is an even integer, and I > 4 is an even integer, then the rooted 
tree RT(a±, . . . , a n ) is super edge-graceful provided ai > 3 for some 
integer i G {j + k + 1, . . . , n} when k = 0. 

Conjecture 3.14 Ifn = j + k + l where j > 1 is an odd integer, 
k > is an even integer, and I > 3 is an odd integer, then the rooted 
tree RT(a±, . . . , a n ) is super edge-graceful provided ai > 3 for some 
integer i G {j + k + 1, . . . , n} when k = 0. 
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